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The notions of conservation of charge and dimensional consistency are used to obtain conditions 
which uniquely characterize the field equations of electromagnetism and gravitation in a metric-
affine gravitational framework with a vector potential. Conditions for the uniqueness of the 
choice of field equations of a metric-affine gravitational theory (in the absence of electromagne-
tism) follow as a special case. Some consequences are discussed. 

§ 1. Introduction 

By introducing the concept of hypermomentum, 
Hehl, Kerlick, and von der Heyde [1] have been led 
to consider the possibility of a metric-affine frame-
work for a gravitational theory. The mathematical 
basis for this framework is a four-dimensional 
(differentiable) manifold possessing a Lorentzian 
metric g (components g^) and a linear connection V 
(components The linear connection is not 
assumed to be symmetric, nor is it assumed that 
Ygr = 0. In this paper we include a vector field 
(with components xpi) into our analysis to describe 
electromagnetic phenomena [2]. The vector field, 
the metric and the linear connection are assumed 
to be specified through field equations which take 
the form 

AV = x ) / g T V , (1.1) 

C i ™ k = x f g A k ™ i , ( 1 . 2 ) 

and 
B l = •/ \ /g J1 (1.3) 

where ^ and yj are constants constructed from c 
(the speed of light) and K (the gravitational 
constant) (e.g. y. — 8;rir/c4 and = 16;r/c). In 
Eqs. (1.1) —(1.3), <7: = | det (gab) | and A W , C ^ k , 
and B{ are tensor density concomitants of the 
metric, the difference tensor [3] Wijk : = I\k'j — {ikj} 
({ik j } are the Christoffel symbols of the second kind 
built from gab), the vector field ifi and their deriva-
tives. The „source" terms TV, Akml, and J1 are the 
energy-momentum tensor, the hypermomentum 
tensor [1] and the charge-current vector (respective-
ly) of all non-electromagnetic matter fields. 

The primary concern of the present article is the 
choice one should take for AV, Clmk and Bl in 
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(1.1) —(1.3). Here we shall demand that there exist 
a Lagrangian ££ for which AW — d ^C/dgij, 
Cimk = \d^jdWim k , and Bi = ö&löxpi. Another 
restriction on the concomitant Bl follows from the 
concept of charge conservation which takes the 
form (\/g Ji),i = 0. Hence it is reasonable to 
require that B i t i = 0 identically. 

Even with these assumptions there is a large 
degree of indeterminancy in the choices for AW, 
Clmk and Bl. For example, there are (locally at 
least) 58 independent (scalar) invariants of the 
metric and the difference tensor (no derivatives) [4], 
If {I0c} is the set of these invariants, then any 
Lagrangian for AW and Clmk (and Bl) could be 
augmented by adding J g f(hx) where / is an 
arbitrary differentiable function of 58 variables. 
All the above conditions would still be satisfied. 
Obviously some further assumptions on the 
structure of the concomitants AW, Clmk and Bl 

must be made before any consequences of practical 
value may be obtained. In the next section an 
assumption is introduced which allowrs us to 
resolve this problem. 

§ 2. A Theorem on the Field Equations 
in Metric-Affine Theories 

To simplify the problem discussed above, one 
further assumption will be introduced. We base this 
assumption on the concept of dimensional con-
sistency which has led to considerable simplification 
in several concomitant problems involving rela-
tivistic gravitational theories [5], Choosing units so 
that c = K= 1 (with x{ ~ L1) we have TW ~ L~2, 

and Akml ~ L~l. As in previous work, 
9ii. (a = 0, 1 , . . . ) and n h_u ~ L~ß 
{ß = 0, 1, ...). The difference tensor Wijk must 
have the same units as ( ~ L - 1 ) so we have 
^ijk,h...iy ~ L - v - 1 (y = 0, ! , . . . )• With the units 
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given as above we impose the additional assumption 
that the concomitants Aii,Clrn]C, and Bl do not 
involve any constants with non-zero dimensions. If 

Clmk and Bl are to enter into field equations 
of the form (1.1) —(1.3) then AV ~ L~2, Bi ~ L~2 

and Clmk ~ L~l. Our main result is the following 
Theorem: Suppose that AU (of class C3), Bl (of 

class C3) and Clmk (of class C2), are tensor density 
concomitants of gab, y>r, IVrs1 and their various 
partial derivatives to some finite order. If they satisfy 
the following conditions: 

(a) AW ~ L-2, B* ~ L~2, Clmk ~ L~i, they satisfy 
the axiom of dimensional analysis, and do not involve 
constants with non-zero dimension-, 

(b) There exists a function JSP which is a con-
comitant of Qab, y>r , IVrs1 and their various partial 
derivatives to some finite order such that 

AV = 
dga ' 

Bi = 
<3 i f 
dipt 

and Clmk = 
1 ÖJ? 
2 dWlm*' 

(c) B\i = 0; then in a four-space, 

«2 Jfg 
A*i=ai ]/g Q*i (Fh FH _ i ga Frs Frs) 

+ IgVCl"k Wimk + OV Wmi1 - Ciml WJml 

— Cmi iWmll, (2.1) 

B< = atYgFV\ t , (2.2) 

and 
Clmk = \rg {bl glm Wkrr + h <5™ Wrrl + b2 glm Wrkr 

+ b2 di Wrrm + 63 d[ Wmrr + 63 W Wrlr 

+ 641Vklm + Wmkl + &s glm W\k 

b6 b\ Wrmr + M* Wrr + Wlmk 
b9 If V " + 610 Wmlk + 611 Wkml} 
c 1 gku Surst Wrst + Ci If r

r* gr** 
C2 4 £mrs< PFr«t + C2 If r*r ö'sifc 
C3 WV* £ s r m * + C3 W m r t gsk £ t l r s 

+ C4 Wrtl gsk Esrtm + C4 If*r< £<Zmr 

+ C5 6T Elrst Wrst + C5 Wt/gsk £tlms 

+ C6 W rtm gks £srtl + C6 Wrkt Stlmr , (2.3) 

where Fi} := y)]ti — xpiti, a1,a2,baL (a = 1, . . . , 11), 
and cp (ß=l,...,Q) are arbitrary constants. A 
Lagrangian which satisfies condition (b) is given by 

-ax]/gB + Crs rWrs* + ~ fg F+»Frs . (2.4) 

(Note that is a scalar density although (b) does not 
require this.) 

The proof of this theorem is in the next section. 
If one accepts the assumptions of the theorem as 

physically reasonable, then regardless of the 
arbitrariness of the constants in (2.1) —(2.3), there 
are some quite general conclusions that follow. 
Equation (1.2) with Clmk given by (2.3) is a linear 
algebraic (i.e. non-differential) equation for Jfyfc. 
A reasonable requirement is to demand that one 
can always solve (1.2) with (2.3) uniquely for Wijk 

in terms of A lmk and gab • A sufficient condition for 
this is given in the following: 

Lemma: Suppose Clmk and Ifrs* are related by 
Equation (2.3). If 

(264 + &8 + b9 + 610 + &n) det( i f i ) det( i / 2 ) + 0, 
where 

M1 

and 

M2 

h + h + 4 67 + fe8 + 69 
61 + 4 63 + 64 + 67 + 610 
4 bx + fe3 + fe4 + 67 + 611 
6C5 + 2C3 - 2C4 

4 bi + 62 + b\ + 65 + fen 
fei + 4fe2 + fe4 + feö + &9 

+ + 4 fe5 -f fe8 + 610 
6 ci + 2 C4 + 2 C6 

bo + 4 b3 + fe4 + be + feio 
bi + b3 + 4 fe6 + bs + feu 
4 &2 + fe3 + bi + + 
6 co — 2 C3 — 2 C6 

Cl + C2 — C4 + 4 C5 + C3 
Cl + 4 C2 + C5 — C3 — C6 
4 Cl + c2 + c4 + c5 + c6 

+ feio + fen — fes — 2 fe4. 

+ be) — fe8 — fcu fe4 + feio — bs — fen c4 — C3 -
bs + feio — bi — bg fen — fe9 C3 — C4 -
5 C3 + C6 — C4 C4 + 5 Cß + C3 fe4 + fen 

-C6 — C 3 + 5 c 4 4 C4 — 2 C3 — 4 C6 fe8 + &9-

C6 — C3 — C4 — C6 
C6 2 c3 

- fe8 — fe9 fe4 + fell — feio — 
fe4 — &10 — fell 

then Clmk = 0 implies that Wijk = 0, i.e. there 
exists a unique solution for If m terms of Clmk 
(and gab)- • 

(The proof is straightforward and is available 
from the author upon request.) 

Under the conditions of the lemma it is clear that 
if Akml = 0, then via (1.2), Clmk = 0 and we must 

have Wijk = 0. Thus in vacuum [TU = 0, = 0, 
and = 0 in (1.1) —(1.3)], the field equations 
which follow from the theorem reduce to the 
vacuum Einstein-Maxwell equations. Evidently 
(under our assumptions) there is no propagation of 
non-Riemannian effects ( I f f / ' + O ) in vacuum. 
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Furthermore, photons will not produce non-
Riemannian effects under the above assumptions. 
(Thus for photons Almk = 0 and so Wi}k = 0. The 
latter comment is the metric-affine theory conter-
part to the result that photons do not produce 
torsion in the Einstein-Cartan theory.) Another 
observation is that any metric-affine theory whose 
field equations satisfy the above assumptions must 
imply general relativity for vacuum. 

Any generalization of the above results will likely 
require specific assumptions regarding the nature 
of the dependence of the concomitants AlJ, B{ and 
Clmk upon constants with non-zero dimensions. 
One possibility is to assume, for example, that 

Clmk = C1lrnk + XC2lmk + + — 

+ Cß*»k 

wehere the constant A ~ L1 and the Ca.lmk, a = 1 , . . . , ß 
are each tensor densities with Calmk ~ for 
a = 1, ß. The techniques of the present paper 
can then be applied to each of the tensor densities 
C<xlmk- While this method is systematic and in 
principle quite trivial, in practice it very quickly 
leads to unwieldy expressions [6]. 

§ 3. Proof of the Theorem 

The proof is essentially the same as that presented 
in Ref. [2], the differences being based upon the 
fact that Wabc has no symmetries whereas the 
torsion satisfies Sab° — — Sbac- Proposition (1) of 
Ref. [2] with Sabc replaced by Wab° is valid in the 
present situation as is Proposition (2) (Ref. [2]). 
Thus AW and Bl are linearly homogeneous in 
gab, cd, Wabc,d and xpa,bc and quadratically homo-
geneous in gab, c, Va, b and Wabc while Clmk is linearly 
homogeneous in the latter set. All these terms have 
coefficients which depend upon gab only. From the 
proof of Proposition (3) (Ref. [1]) it follows that 

Clmk = rjlmkrst(gab) Wrst, (3.1) 

where y : : : is a tensor density concomitant of the 
indicated form. Using Anderson's theorem [7] we 
find that r]lmkrst = r)rstlmk- From Weyl [8] (page 52, 
noting page 65), we conclude that 

Yjlmkrst = j/g (glm gkr gst -f- git gmk grs) 

+ b2{glm gks grt + glk gmt grs) 
+ h(glk gmr g8t + gls gkm grt) 
+ &4 {glsgkrgmt + gltgmrgks) 

+ b5 glm gkt grs + b6 glk gm* grt 
_!_ glr gtnk gSt ftg glr gms gkt 
+ b9 glr gmt gks 510 gls gkt gMT 
+ 6n git gms gkr} 
4" c i (glm Ekrst 4- grs etlmk) 

c 2 (glk ßinrst _j_ grt gslrnkj 

cz(gls ekrmt 4- grm etl8k) 
+ c4(gr" ekrsm + grk etlmi) 
_j_ Q^^gmk glrst _j_ gst girlmk) 

+ c6(gmt ekrsl + gsk etlmr), (3.2) 

where 6 a , a = 1, . . . , 11 and Cß, ß = 1, . . . , 6 are 
arbitrary constants. To obtain Eq. (3.2) we have 
employed the fact that 2 rj lmkrst = r] lmkrst + r]rstlmk 

along with the identity 
2grl £kmst — (git £krsm grk £tlms^ 

(glSgkrmt grm £tlsk^ 
(glm £rkst grs gItmk^ 
(glk £mrst grt £slmk^ 

which follows from the fact that in a 4-space 
ilkmst ra J)cde — n 
°abcde 9 E ~ u • 

Substitution from Eq. (3.2) into Eq. (3.1) then 
yields Equation (2.3). 

The proof now follows the same steps as in 
Ref. [2] with Sabc replaced by Wabc- In this way 
we can establish Eq. (2.2) and show that 

AW = 0l ]/g GW - — ( F * tFH - J gW Frs Frs) 

+ CWabclmk WabcW lmk (3.3) 

where £ : : : is a tensor density concomitant of grs 

only. Using Anderson's result again wre find that 

6 /<3J2?\ ?> t ÖS? \ 
8 Wlrnk Vä^j = Jg^ \dPTIm*J 

which implies that 
ZCi">k 2£ijabclmk 2—r . (3.4) 

vgij 

Note that in taking the 5/ögry derivative in (3.4) we 
are holding Wab° constant. Thus multiplying (3.4) 
by Wimk we deduce that 

CWabclmk Wabc Wlmk = ecflm^ W l m k l ^ i } • 

However, Clmk Wimk is a scalar density concomitant 
of gab and Wab° and thus from the invariance 
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identity [9] we find that 

« „ I irr * o d C l m * W l m k 
K C*™k Wimk = 2 gri 

cgSi 

+ 2 (C°™k Wrmk + Cmsk Wmrk - C™\ Wmf). 

Consequently we have 

ZUabclmk Wabc Wlmk = | flr« C"«* IF*m* 
+ C^U Wml{ ~ Cimk WJmk _ ß-m^ 

which coupled with (3.3) implies (2.1). T o show that 

401 

the Lagrangian (2.4) satisfies condition (b) o f the 
theorem is straightforward. 
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