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The notions of conservation of charge and dimensional consistency are used to obtain conditions
which uniquely characterize the field equations of electromagnetism and gravitation in a metric-
affine gravitational framework with a vector potential. Conditions for the uniqueness of the
choice of field equations of a metric-affine gravitational theory (in the absence of electromagne-
tism) follow as a special case. Some consequences are discussed.

§ 1. Introduction

By introducing the concept of hypermomentum,
Hehl, Kerlick, and von der Heyde [1] have been led
to consider the possibility of a metric-affine frame-
work for a gravitational theory. The mathematical
basis for this framework is a four-dimensional
(differentiable) manifold possessing a Lorentzian
metric g (components ¢;;) and a linear connection V
(components [I%). The linear connection is not
assumed to be symmetric, nor is it assumed that
Vg=0. In this paper we include a vector field
(with components ;) into our analysis to describe
electromagnetic phenomena [2]. The vector field,
the metric and the linear connection are assumed
to be specified through field cquations which take
the form

Ail = )/g T, (1.1)
Cimy = wy/g Agmt, (1.2)

and B
Bi=2")gJ? (1.3)

where » and x' are constants constructed from ¢
(the speed of light) and K (the gravitational
constant) (e.g. x=8nK/c* and »' =16z/c). In
Egs. (1.1)—(1.3), g:= |det(gap)| and AU, Clmy,
and B? are tensor density concomitants of the
metric, the difference tensor [3] Wik := I'k; — {;*;}
({i*;} are the Christoffel symbols of the second kind
built from g,p), the vector field y; and their deriva-
tives. The ,,source’’ terms 74, Am! and J? are the
energy-momentum tensor, the hypermomentum
tensor [1] and the charge-current vector (respective-
ly) of all non-electromagnetic matter fields.

The primary concern of the present article is the
choice one should take for A4#, Clm; and Bt in
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(1.1)—(1.3). Here we shall demand that there exist
a Lagrangian % for which A% = 6 %/dgy;,
Cimp = 10 L[0W ik, and Bt = § £[dy;. Another
restriction on the concomitant B? follows from the
concept of charge conservation which takes the
form ()/g Ji),;=0. Hence it is reasonable to
require that B? ; =0 identically.

Even with these assumptions there is a large
degree of indeterminancy in the choices for A,
Clm; and Bi. For example, there are (locally at
least) 58 independent (scalar) invariants of the
metric and the difference tensor (no derivatives) [4].
If {I,} is the set of these invariants, then any
Lagrangian for A% and C!m; (and B?) could be
augmented by adding }/gf(l,) where f is an
arbitrary differentiable function of 58 variables.
All the above conditions would still be satisfied.
Obviously some further assumptions on the
structure of the concomitants A%, Clm; and B?
must be made before any consequences of practical
value may be obtained. In the next section an
assumption is introduced which allows us to
resolve this problem.

§ 2. A Theorem on the Field Equations
in Metric-Affine Theories

To simplify the problem discussed above, one
further assumption will be introduced. We base this
assumption on the concept of dimensional con-
sistency which has led to considerable simplification
in several concomitant problems involving rela-
tivistic gravitational theories [5]. Choosing units so
that c=K =1 (with af ~ L1) we have T4 ~ L2,
Ji~ L2 and Aym!~ L-1. As in previous work,
Gijkr. ke~ L* (x=0,1,...) and 9y, ;, ~L7F
(=0,1,...). The difference tensor W;* must
have the same units as {;*;} (~ L~1) so we have
Wik .0, ~L 71 (y=0,1,...). With the units
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given as above we impose the additional assumption
that the concomitants A, Clmy, and Bt do not
tnvolve any constants with non-zero dimensions. If
Aii, Clmy and Bt are to enter into field equations
of the form (1.1)—(1.3) then A¥% ~ L-2, Bi~ L2
and C!m; ~ L-1. Our main result is the following

Theorem: Suppose that At (of class C3), Bt (of
class C3) and Clmy (of class C2), are tensor density
concomitants of gap, wr, Wrst and their various
partial derivatives to some finite order. If they satisfy
the following conditions:

(a) AiJ~ L2 Bi~ L2 Clmy ~ L1 they satisfy
the axiom of dimensional analysis, and do not involve
constants with non-zero dimension;

(b) There exists a function & which is a con-
comitant of gap, wr, Wyst and their various partial
derivatives to some finite order such that

) 0Z 0¥
Al — —— Bi =

ogi oyp;

(¢) Bi ;= 0; then in a four-space,

_ as1/q
At =a,)/gGiI —- 221/9 (F4 Fit — } gt Fre Fy,)
+ 1 gis Ctmy Wik 4 Omld Wyt — Ciml Wiy,
— O W it 2.1)
Bi=ay)/g Fi;, (2.2)

and

Clmy = |/g {brg'™ Wiy + b1 0p Wyl + bagim Wy
by 0L Wyrm - by L Wmr, - by 8" W ir
+ by Wilm + by Wil + bs gim Wy

by + b3 + 4 b7 + bg + by
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+ be O Wymr + br0y' Wir, 4 bg Wimy

+ by Wigm 4 byg Wmly + byy Wyml}

+ €1 9" giu €475 West + €1 Wt gsic €81ms
+ c2 (55‘ emrst Wogy + co W' gsi €1Vms

+ c3 Wrlt gis €57 + c3 Wyt g €418

+ cqg Writ gsi €57tm 4 cq Wiyg gtimr

+¢s 62” elrst Wesy + c5 Wi gsy tims

+ c6 Wrt™ gis €57t 4 cg Wege tmr, (2.3)

where Fij:= ;i — v, a1, a2, by (x=1, ..., 11),
and cg (B=1,...,6) are arbitrary constants. A
Lagrangian which satisfies condition (b) is given by

as
L VIF  Fre. (24)

L= —alV{}R+CTSrWrst+

(Note that £ is a scalar density although (b) does not
require this.)

The proof of this theorem is in the next section.

If one accepts the assumptions of the theorem as
physically reasonable, then regardless of the
arbitrariness of the constants in (2.1)—(2.3), there
are some quite general conclusions that follow.
Equation (1.2) with C'!my given by (2.3) is a linear
algebraic (i.e. non-differential) equation for Wg*.
A reasonable requirement is to demand that one
can always solve (1.2) with (2.3) uniquely for W;;*
in terms of A!m; and g,p. A sufficient condition for
this is given in the following:

Lemma: Suppose Clmy and W,st are related by
Equation (2.3). If

(2b4 + bg + bg + b1o + b11) det (M) det (M2) =0,
where

bo+4b3g+by+bg+bro c1+ca—cat+4es+c3

M — by +4b3+ by +br+bro b+ 4ba+by+bs+by by bz 4bg+bg b1 c1+4c2+c5—c3—ce
L7 | 4by 4+ by +by+by+buy by 4 bo+4bs+bg+bio 4by-+byt+bs+bgt+by 4dey+c2t+cates+ce ’
6cs +2c3—2¢cq 6c1+2cq4+ 2c¢6 6cs —2c3—2c¢q bg + b1o + b1 — bg — 2by
ard
by+ by —bg —b11 by+ bio—bg—bin c4—c3—ce —c3—Cc4—C
Mo = bg 4 b10 — ba — by b11 — by cs — ¢4 — Cg 2¢3
27 | 5c34+c6—ca ¢4+ 5ce+ c3 by + by1 —bg — by by + b1y — bio — bs
ce —C3+dcy 4c4—2c3—4ce bg + b9 — by — b1o be — b11

then Clmy =0 ivmplies that Wk = 0, i.e. there
exists a unique solution for Wk in terms of Clmy
(and gap). [

(The proof is straightforward and is available
from the author upon request.)

Under the conditions of the lemma it is clear that
if Axym!=0, then via (1.2), C'm; =0 and we must

have W;#=0. Thus in vacuum [7¥7 =0, Ji=0,
and A;m!=0 in (1.1)—(1.3)], the field equations
which follow from the theorem reduce to the
vacuum Einstein-Maxwell equations. Evidently
(under our assumptions) there is no propagation of
non-Riemannian effects (W +0) in vacuum.
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Furthermore, photons will not produce non-
Riemannian effects under the above assumptions.
(Thus for photons A!mp =0 and so W;*=0. The
latter comment is the metric-affine theory conter-
part to the result that photons do not produce
torsion in the Einstein-Cartan theory.) Another
observation is that any metric-affine theory whose
field equations satisfy the above assumptions must
imply general relativity for vacuum.

Any generalization of the above results will likely
require specific assumptions regarding the nature
of the dependence of the concomitants 4%/, Bi and
Cimy; upon constants with non-zero dimensions.
One possibility is to assume, for example, that

Cimy = Cqlmy - AClmy - A203imy 1 .-
+ AB-1(Cgim,

where the constant A ~ Ll and the Cy!™y,a=1,...,p
are each tensor densities with Cylmy ~ L% for
a=1, ..., . The techniques of the present paper
can then be applied to each of the tensor densities
Cylmy.. While this method is systematic and in
principle quite trivial, in practice it very quickly
leads to unwieldy expressions [6].

§ 3. Proof of the Theorem

The proofis essentially the same as that presented
in Ref. [2], the differences being based upon the
fact that Wgp¢ has no symmetries whereas the
torsion satisfies Sgp® = — Spe®. Proposition (1) of
Ref. [2] with Sq¢ replaced by Wyt is valid in the
present situation as is Proposition (2) (Ref. [2]).
Thus A% and B! are linearly homogeneous in
Jab,ca> Wapt,a and yg, pc and quadratically homo-
geneous in ggp, ¢, Ya, b and W gp¢ while O™y is linearly
homogeneous in the latter set. All these terms have
coefficients which depend upon gqp only. From the
proof of Proposition (3) (Ref. [1]) it follows that

t(gab) Wrst ’ (3'1)

where 7::: is a tensor density concomitant of the
indicated form. Using Anderson’s theorem [7] we
find that nimgrs; = nrsime. From Weyl [8] (page 52,
noting page 65), we conclude that

l/g {bl (gim gkr gst L git gmk grs)
+ bz(gl"‘ gks grt + glk gmt grs)
+ b3 (glk gmr gst + gls gkm grt)
-+ by (gla gkr gmt + glt gmr gks)

Clmk . ﬂlmk"

Imkrst —
n =
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+ bs glm gkt grs + be glk gms grt

-+ by gir gmk gst + bg glr gms gkt

+ by glr gmt gks + b1o gls gkt gmr

+ by1 glt gms gkr}

+ ¢ (glm gkrst | grs etlmk)

+ c2 (glk gmrst L grt eslmk)

-+ c3 (gls gkrmt | grm Etlsk)

+ ¢4 (g gkrsm | grk gtims)
(
(

-+ c5 g k glrst -+ gst grlmk)
+ Cs gmt gkrsil + gsk etlmr) 5 (3'2)
where by, a=1,...,11 and cg, f=1,...,6 are

arbitrary constants. To obtain Eq. (3.2) we have
employed the fact that 2 yimkrst — yylmkrst | yrstimk
along with the identity

(glt gkrsm + grk gtlms)

— (glsskrmt + grm gtlsk)

— (glm grkst + grs sltmk)

- (glk gmrst | grt sslmk)

2grl gkmst — __

which follows from the fact that in a 4-space
g o =0

Substitution from Eq. (3.2) into Eq. (3.1) then
yields Equation (2.3).

The proof now follows the same steps as in
Ref. [2] with Sgp¢ replaced by Wgpc. In this way
we can establish Eq. (2.2) and show that

l!]

Al =aq ],/.ijGij— (leFjl_ngjFrsF”)

+ pitavgimy Wabcwzmk (3.3)

where (::: is a tensor density concomitant of g,s
only. Using Anderson’s result again we find that

0 (6.‘?)_ 0 ( 0 )
OWimk \ 0gis )~ Ogis \ OWimk

which implies that

oCimy,
0g1j

Note that in taking the 0/0g;; derivative in (3.4) we
are holding Wg,¢ constant. Thus multiplying (3.4)
by Win* we deduce that

Cigab imy Wope Wik = 0Cm g Wik [2gys .

2 Lijabyimy Wape = 2 (3.4)

However, Cim;, W,k is a scalar density concomitant
of gap and Wyp¢ and thus from the invariance
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identity [9] we find that
oCimy Wik

0gsi
+ 2 (Csmk Wrmk + (]msk erk - ler Wmls) .

05 Cimy Wik = gri

Consequently we have

gisab imy Wope Wik = L gii Clmy Wk
£ OmY Wyt — Cimk Wiy — Omiy Wik

which coupled with (3.3) implies (2.1). To show that
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